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Abstract. We consider the conormal bundle of a Schubert variety Sj in the cotangent bundle 
T*Gr of the Grassmannian Gr of fc-planes in C™. This conormal bundle has a fundamental class 
Ki in the equivariant cohomology H^{T*Gv). Here T = (C*)" x C*. The torus (C*)" acts on 
T*Gr in the standard way and the last factor C* acts by multiplication on fibers of the bundle. 
We express this fundamental class as a sum Yj of the Yangian Y(jj[ 2 ) weight functions (Wj)j. 
We describe a relation of Yj with the double Schur polynomial [Si] . 

A modified version of the ki classes, named k'j, satisfy an orthogonality relation with respect to 
an inner product induced by integration on the non-compact manifold T*Gr. This orthogonality 
is analogous to the well known orthogonality satisfied by the classes of Schubert varieties with 
respect to integration on Gr. 

The classes (fCj-)j form a basis in the suitably localized equivariant cohomology H^(T*Gt). This 
basis depends on the choice of the coordinate flag in C™. We show that the bases corresponding 
to different coordinate flags are related by the Yangian R-matrix. 



1. Introduction 

The equivariant cohomology of the cotangent bundle of a Grassmannian has hidden Yangian 
symmetries, see for example [Vasl[ IVas2[ IGRTV] . In this paper we give another example of that 
symmetry 

We study the conormal bundle of a Schubert variety Si in the cotangent bundle T*Gr of the 
Grassmannian Gr of fc-planes in C n . We consider a resolution Sj of Si, which lies in a flag variety 
Fl. The resolution map is the restriction of the natural forgetful map 7r : Fl — > Gr. The conormal 
bundle CSV C T*F1 of Si has an equivariant fundamental cohomology class [CSV] in the torus 
equivariant cohomology ring fl|(T*Fl) = #!(F1). Here T = (C*) n x C*. The torus (C*) n acts on 
T*F1 in the standard way and the last factor C* acts by multiplication on fibers of the bundle. 
Our main object of study is 

ki = 7T*([csv]) e h;(Gt) = h;(t*Gt), 

which we call the equivariant fundamental cohomology class of the cotangent bundle of Si. 

In Theorem 14.41 we express • Ki as a sum Y} of the Yangian Y(q1 2 ) weight functions {Wj)j- 
Here is an explicit cohomology class independent of /, and is not a zero-divisor. 

In Section we consider the fundamental class [Si] of the Schubert variety in the equivariant 
cohomology i7* c *^(Gr) and obtain [Si] as a suitable leading coefficient of the class «j. The classes 
[Si] are key objects in Schubert calculus. They are represented by the double Schur polynomials 
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(in the associated Chern roots). Proposition 15.41 and Corollary 15.51 say that the double Schur 
polynomials [Si] are leading coefficients of Yangian weight functions Wj, and of their sums Yj. 

In Section [7] we define a modified version k\ of Kj. The transition matrix from to (ftj)j 
is an upper triangular matrix with integer coefficients and ones in the diagonal. For every I 
the difference k'j — ki is supported on p~ 1 (Si — S°), where S° is the Schubert cell, and p is the 
projection of the bundle p : T*Gr — > Gr. We show that the n'j classes satisfy an orthogonality 
relation with respect to an inner product induced by integration on the non-compact manifold 
T*Gr. This orthogonality is analogous to the well known orthogonality satisfied by the classes 
of Schubert varieties with respect to integration on Gr. 

The classes form a basis in the suitably localized equivariant cohomology Hj(T*Gy). This 
basis depends on the choice of the coordinate flag in C n . In Section [S] we show that the bases 
corresponding to different coordinate flags are related by the Yangian R-matrix. 

The weight functions were used in |TV2j to describe g-hypergeometric solutions of the qKZ 
equations associated with the Yangian Y(gl 2 ). The g-hypergeometric solutions are of the form 

(1) / 7 0i, ...,Z n ) = y^ j ...,t k ,Z!,.. .,Z n )Wj(ti, ...,t k ,Z!,.. .,Z„,)dti . ..dtkj Vj 

where (vj) is a basis of a vector space, 7 is an integration cycle parametrizing solutions, 
. . . , tk, zi, . . . , z n ) is a (master) function independent of the index J, the functions 
Wj(tx, ...,£&, 21, ... , z n ) are the weight functions. To express the fundamental class ki we replace 
in the weight functions the integration variables ti, . . . , tk with the Chern roots of the canonical 
bundle over Gr. 

As explained in [T V2j . the g-hypergeometric solutions ((Tj) identify the qKZ equations with a 
suitable discrete Gauss-Manin connection. In [TV2] . the weight functions were identified with 
the cohomology classes of a discretization of a suitable de Rham cohomology group. Our for- 
mula for the cohomology class of the conormal bundle of a Schubert variety in terms of weight 
functions indicates a connection between that discrete de Rham cohomology group of |TV2j and 
the equivariant cohomology of the Grassmannian. 

This paper is a part of our project of identification of the equivariant cohomology of partial flag 
varieties with Bethe algebras of quantum integrable systems, see [V] IRVt IRSVt IRTVZt IGRTVj . 
On this subject see also for example [BMOl INS] . 
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Hautes Etudes Scientifiques for hospitality. We are grateful for L. Feher for useful discussions. 

2. PRELIMINARIES 

2.1. Blocks. The positive integers k < n will be fixed throughout the paper. 

In Sections |3] and H] we will parameterize various objects in representation theory and geometry 
by k element subsets I of {1, ... , n}. We will use some notation on the 'blocks' in J, as follows. 
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Write I disjoint union 

I = h U I 2 U ... U 1 1 

= {ii,..., i„(i)} U { 

*v(l)+l ' " " " ' *t)(2) 

of maximal intervals of consecutive numbers, that is, we assume 

• ii<i 2 < ■■■ < i v (i) (v(l) = k), 

• i v ( c -i)+i, • • • , i v (c) is an interval of consecutive integers for c = 1, . . . , I (we put v(0) = 0), 

• ^( c ) + 1 < i v ( c ) + i for all c = 1, 1. 

The subsets I\, . . . ,Ii will be called the blocks of /. The lengths of the blocks will be denoted 
by m c = \I C \ = v(c) — v(c — 1), c = 1, . . . , I. Let m = (mi, . . . , to;). For a G {1, . . . , fc} let be 
the largest element of the block containing z a . That is, o = t> (c) for some c G {1,...,/}. We set 
I\ = mi! • • -mil. 

^t *(I) = ELi (*."«)■ 
2.2. Symmetrizer operations. For a function / of the variables ti, . . . , t k we set 

Syr% fc f =Y1 /(Mi)* • ■ • 

If a vector m = (mi, . . . , to;) G {0, 1,2,.. is given with v(c) = Y^d=i v(l) = k, then let 
S m be the subgroup of Sfc permuting the groups of variables 

(2) {tl, ■ ■ ■ ,t v (i)}, {tv(l)+l, ■ ■ ■ ,tv(2)}, ■■■ {t v {i-i)+i, ■ ■ ■ , t v (l)} 

independently. We set 

s y m 5 m f = • • • ' M*))- 

If the function /(ti, . . . , tfe) is symmetric in the groups of variables (J2J), then we define 

1 

nLi m c! 

Clearly Sym 5fc / = Sym 5&/5m (Sym Sm /). 



s y m 5 fc /5 m / = ^ r s y m s k f- 



3. Representation theory: the weight functions 
In this section let Zi, . . . , z n , h, ti, . . . , % be variables. 

3.1. Weight functions. Let / = {ii, . . . ,i k } C {1, . . . ,n}, ii < . . . < i k . Following |TV2] we 
call the function 

(k / i a — 1 n k , x 

n [\[(ta-z u +h) n (t a - Zu ) n 
a=l \u=l u=i a + l b=a+l " 

a weight function. For example 

• for k = 1, 1 < i < n we have W^} = ^FK«=i(*i ~ ^ + M F[«=i+i(*i _ z u) 
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• for n = 4 we have 

W {m = h 2 (tx - z 3 )(tx - z 4 )(t 2 - z 3 )(t 2 - z 4 ) ((h + h + t 2 )(h -z x - z 2 ) + 2{t x t 2 + z lZ2 )) . 

For 7 = {ii<...< ifc} and J = {ji < . . . < j^} we define J > J if i a > j a for all a. The 
following interpolation property of weight functions follows directly from the definition. 

Lemma 3.1. We have Wj\ ta=Zja ^ 0. Ij I ~£ J then Wi\ ta=Zia =0. □ 

Let 7Z = C[zi, . . . , z n , — ^• + /i)~ 1 )i,j=i,..., n - Note that i = j is allowed, hence z\ — z x + h = h 
is invertible in 71. Consider the 7£-sub module of 7Z[ti, . . . ,t n ], spanned by the weight 

functions Wi(ti, . . . , t n ) for all I C {1, . . . , n}, \I\ = k. 

Lemma 3.2. The module Mk i7l is a free module with basis Wj. 

Proof. In an 7?.-linear relation among the ^/-functions there is a term Wj, such that for all other 
terms Wj in the relation we have I ^ J. Then the t a = Zj a substitution cancels all the terms but 
Wj, see Lemma [37T1 □ 

3.2. R-matrix. For 1 < a < k, I C {1, . . . , n}, \I\ = k let /( a ' a+1 ) be the fc-element subset of 
{1, . . . , n} in which the roles of a and a + 1 are replaced. That is 

• a G I if and only if a + 1 G /( a ' a+1 ) , and a + 1 G J if and only if a G /( a > a+1 ) , 

• for 6 ^ {a, a + 1} we have b G /( a ' a+1 ) if and only if b G /. 

Proposition 3.3. For 1 < a < k we have 



Za+l — z a + h Z a+ i — z a + h 

(4) V-r^/+ —rW lt a, a+ l) = W l( a,a+l)\ Za „ Za+1 

z a +i — z a + n z a+ i — z a + n 

Proof. If /( a ' a+1 ) = I then the statement reduces to the fact that in this case Wj is symmetric in 
z a and z a +i- Otherwise the statement of the proposition follows from the special case of k = 1, 
n = 2, a = 1 by simple manipulations of the formulas. This special case, namely, 

/ h z 2 - z x \ 

h(tx -z 2 ) \ = f h(tx - Zx) 
h{tx - zx + h)J \h(tx - z 2 + h) / 

\z 2 -zx + h z 2 -Zx + h/ 
follows by direct calculation. □ 



(5) 



z 2 — Zx+h z 2 — zx + h 
z 2 — Zx h 



Consider the Lie algebra gl 2 with its standard generators e^j for i,j G {1,2}. We denote the 
basis of its vector representation C 2 by u+,i>_. We have e 2 ,if+ = f_, e 2i if_ = 0. 

For a subset / C {1, . . . , n} define t>j = (g) . . . <S> Vi n where i u = — for u G I and i u = + for 
u ^ /. The collection of vectors v i for all subsets / of {1, . . . , n) form a basis of the vector space 
(C 2 )® n . Hence we have the isomorphism of free 7£-modules 
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0fc=O M k,n = (C 2 )® n ®1l 
Wl «-> Vl 

Proposition I3.3I means that under this identification the following two natural operations on 
the two sides are identified. 

• Substituting z a «-> z a+ i on the left-hand side; 

• Acting by the 'R-matrix' 

z a +\ — z a + h 

on the right-hand side, where p( a,a+1 ) i s the transposition of the ath and a + 1st factors 
of (C 2 )® n . 

3.3. ^-functions. The main object of this section is a certain linear combination of the weight 
functions. Consider again the gl 2 representation (C 2 ) 8 " 1 . Let e 2 \ denote the action of e 2 ^i G Ql 2 
on the j'th factor of (C 2 )^ n . Define 



^3 ~ e 2,l + • • • + ^2,1- 

For an I C {1, . . . , n} recall the notation on the block-structure of I from Section [27TI and set 

i2\®ra\ 



E ' = (^»)(^) -(i E " < ") " End((C2 

Definition 3.4. For I C {l,...,n} ; let £7(^0) = Y2j c J v J be the result of application of the 
operator £/ to £/ie vector v®. Define 

Yi = J2cjWj. 

j 

Example 3.5. For = 1, i < n we have = J2]=i ^{j}- 
For = 2, n = 4 we have 

£{2,4} (v+ ®v + ®v + ® v+) = ((e£! + e^J)(e^J + ej, 2 j + e^J + e[, 4 j)) (v+ ® v+ ® v+ <g> u+) 

= 2f{i i2 } + W{i,3} + U{1,4} + ^{2,3} + ^{2,4}, 

hence 

• ^{2,4} = 2^1,2} + W {m + W {1A} + W {2 , 3} + ^{2,4}- 

The other F-functions for k = 2, n = 4 are 

• ^{1,2} = W{1 >2 } 

• Y{i,3} = W {lj2 } + W {m 

• Y {1A} = w {m + w {m + W {1A} 

• ^{2,3} = W{1,2} + ^ { i >3} + ^{2,3} 

• ^{3,4} = W {h2} + ^{1,3} + W {1A} + W {2 , 3} + W {2A} + W {3A} . 
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3.4. Formulas for F-functions. 

Lemma 3.6. Using the notation of Section \2.1\ we have 
(6) 

1 

7! 



Yi = — Sym 5 



k /ia a-1 . . i i& a—1 , \ n 

n n^--+*)n ! r^-n(«.--)n 5 T^) n <« 

a=l \u=l 6=1 u=l 6=1 / n=i 4 +l 



a 



In addition, let 

(7) Nj= m J] n (t a - *6 - /*) J -l[(ll(ta-Z u + h) H(t a -Z u ) 

T/ien 

IP) Y I ~ h y m S k /S m -Ff FF Fr ft _ t ) , 

where M is a polynomial symmetric in the groups of variables and M(z a m, . . . , z a fk)) — /or 
any permutation a G Sfc. 

Proof. Formula ([H]) is a corollary of Lemma 2.21 in [TV2J. 

Now consider the function F in [ ]-brackets in ([6]). Our goal is to write its S m symmetrization 
in the form 

bym 5m b = 1 ! • j r 

with Nj and Mj having the required properties. 

The function F is a product of k factors Qi, . . . , Qk, with each factor being a difference of two 
rational functions. For example the first such factor is 

*i n n 

Qi = Y[(t 1 -z u +h) Y[ (ti -z u ) - Y[{h - Zu ), 

u=l u=i^-\-l u=l 

and the last such factor is 

u=l «=H+1 6=1 fe 6 u=l 6=1 fc b 

When this product of factors is distributed, we have 2 k terms. Each of these terms are of the 
form 

p{h,...,t k ) 

where p is a polynomial. Hence, the S m symmetrization of this term is of the form 

q{h, ■ ■ .,t h ) 



Ylod Ylia&ic riif,e/ d tb) 



CLASSES OF CONORMAL BUNDLES OF SCHUBERT VARIETIES AND WEIGHT FUNCTIONS 7 

for an appropriate polynomial q. 

We first claim that q satisfies q(z a ^, . . . , z a ^)) — for any permutation a E S k , unless the term 
we are considering comes from the choice of choosing the first term from each Qi, Q 2 , ■ ■ ■ , Qk- 
Indeed, the second term of Q a is divisible by n"=i(^ — z u)- Hence p is divisible by this. Therefore 
q can be written as a sum of terms, each having a factor n™=i(^ — z u) (fo r different fo's). This 
proves our first claim. The sum of the q polynomials corresponding to these 2 k — 1 choices will 
be J! • Mi. 

Now consider the product of the first terms of Qi, ... ,Qk- It is 

ii(f[(t a -z u +h) n (ta-zu)) n ta t-t h - 

a=l \u=l u=i a +l J \<b<a<k a b 

Its S m symmetrization is equal 

k ( i& n \ + — + — h 

n U(ta -zu+h) n ( ta - Zu ) S ym 5m n ta t * \ 

a=l \u=l u=i & +l J l<b<a<k a b 

Observe that 

, , v a L b _ , . _ r ■ _ j L a b b , b a h b 

l<o<a<fe c>d ladle *i)GJd . a>b . 



Applying the simple identity 



o TT t a — tb — h 
S . vlll .s, j} —7 '• 

KKa<r a 6 



for r = mi,m 2 , . . ., we find that (J5J) equals 

~- j • ^ r • L 0, L b 

Hence the g polynomial corresponding to the choice of the first factors from Qi, . . . , Qf. is J! • iVj. 
This proves the second part of the Lemma. □ 

4. Geometry: conormal bundles of Schubert varieties 

4.1. The Schubert variety and its resolution. Let e\,...,e n be the standard basis of C n . 
Consider the Grassmannian Gr = Gr^C™ of k dimensional subspaces of C n , and the standard 
flag 

(10) C 1 c C 2 c . . . c C\ 

where C a = span(ei, . . . , e a ). For I = {i x < . . . < i k } C {1, . . . , n} we define the Schubert variety 
S! = {W k C C n : dim{W k n C*») > a for a = 1, . . . , k} C Gr . 
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The dimension of Si is 1(1) = X/o=i(*a — o). Recall the notations of the block-structure of I 
from Section I2TT1 In particular, there are indexes v(l), . . . ,v(l) determined by I. The definition 
of Si can be rephrased (see e.g. [Ml Sect. 3.2]) as 

Sj = {W k C C n : dim(W k n > v(c) for c = 1, ...,/} C Gr . 

Consider the partial flag variety Fl = Fl v (i) >v (2),...,v(i) C n of nested subspaces 

Li C L 2 C . . . C Li 

of C n , where dimL c = v(c). Note that v(l), . . . ,v(l) depend on /, hence Fl depends on /. The 
natural forgetful map Fl — > Gr, (L\ C . . . C L{) \-¥ L\ will be denoted by it. The Schubert variety 

(11) 5/ = {(Li C . . . C L{) : L c C for c = 1, ...,/} C Fl 

is a resolution of S through the map 7r [Ml Section 3.4]. 

Since Si is a smooth subvariety of Fl, we can consider its conormal bundle 

(12) CSi = {a G T; Fl : p G Si, a(T p Si) = 0} c T*F1 . 

It is a rank dimFl — dimS 1 / subbundle of the cotangent bundle of Fl restricted to Si, hence 
dim CSi = dimFl. It is well known that CSi is a Lagrangian subvariety of T*F1 with its usual 
symplectic form. 

4.2. Torus equivariant cohomology. Consider the torus T = (C*) n x C*. Let Li be the 
tautological line bundle over the z'th component of the classifying space BT = (p°°) ra x P°°. 
We define Z\ = Ci(Lj) for i = l,...,n, and h = Ci(L n+1 ). We have Hj (one-point space) = 
H*(B T) = C[z\, . . . ,z n ,h]. The T equivariant cohomology ring of any T space is a module over 
this polynomial ring. 

Consider the action of T on C" given by (ai, . . . , a n ) ■ (v i, . . . , v n ) = (a%v i, . . . , a n v n ). This 
action induces an action of T on Gr and Fl. We will be concerned with the action of T on the 
cotangent bundles T*Gr and T*F1 defined as follows: the action of the subgroup (C*) n is induced 
from the action of T on Gr and Fl, while the extra C* factor acts by multiplication in the fiber 
direction. We have the diagram of maps in T-equivariant cohomology 

H;(F\) = #*(T*F1) 

#!(Gr) - H$(T*Gt) 

where 7T* is the push-forward map (also known as Gysin map) in cohomology. The isomorphisms 
Hj(X) = Hj(T*X) are induced by the equivariant homotopy equivalences T*X — > X. In 
notation we will not distinguish between Hj(X) and Hj(T*X), in particular 7r* will denote the 
map fl|(T*Fl) H^(T* Gr) as well. 
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There are natural bundles over Gr, whose fibers over the point W G Gr are W, C n /W. Let 
the Chern roots of these bundles be denoted by 

(13) tj, . . . , tk , ti, . . . , t n -k - 

k n—k 

Let the group Sk act by permuting the t a 's, and S n -k by permuting the Vs. We have 

i^(Gr) = C[ti, . . . , t k , i u . . . , t n _ k , z x ,..., z n , h} s " xS "~ k /I Gr , 
where the ideal I Gr is generated by the coefficients of the following polynomial in £: 

k n—k n 

ri( i + *«o ri( i + - ri( i + ^o- 

a=l b=l u=l 

There are natural bundles over Fl, whose fibers over the point (Li,L,2, ■ ■ ■ ,L{) G Fl are L\, 
L2/L1, L3/L2, . . . , L1/L1-1, C n jL\. Let the Chern roots of these bundles be denoted by 

(14) t\, . . . , • • • j t v (2), ■■■ tv(l-l)+lj ■ ■ ■ ) t V (l)7 t\, . . .j t n -k - 

mi m,2 mi n—k 



Recall that S m permutes the variables t a as in Section [2T2| S n ^k permutes the variables £&. We 
have 

(15) h;{fi) = C[t u ...,t k ,h,..., t n -k, z h . . . , z n , hf™ xSn - k /I Fh 

where the ideal Jpi is generated by the coefficients of the following polynomial in £: 

k n—k n 

ri( i + *«o n^ 1 + - n^ 1 + 

0=1 6=1 u=l 



4.3. Equivariant localization. We recall some facts from the theory of equivariant localization, 
specified for Fl and Gr. Our reference is [ABJ, a more recent account is e.g. |CGl Ch. 5]. Let 
J-fi be the set of fixed points of the T action on Fl, and let J-'cr be the set of fixed points of the 
T action on Gr. The sets J-Vb ^"Gr are finite. Consider the restriction maps 

(16) H;(F\) H;(F Fl ) = Hi(f), fl?(Gr) H%(T Gl ) = 

A key fact of the theory of equivariant localization is that these restriction maps are injective. 
The explicit form of these restriction maps is as follows. 

• A fixed point / G Fgt is a coordinate /c-plane in C n , hence it corresponds to a subset 
/ C {1, . . . ,n}, |/| = k. The restriction map iJ£(Gr) — > Hj(f) = C[z] to the fixed point 
corresponding to / is 

\p(t,t,z,h)\ \->p(zi,zj,z,h), 

where t = (ti, . . . , tk), t = (fi, . . . , t n _ k ), z = (z\, . . . , z n ); and zj stands for the list of z u 's 
with u G /; and zj stands for the list of z u 's with u G" I. 
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• Recall that Fl depends on /, and the block structure of I determines numbers Z, m c 
as in Section 12.11 A fixed point / e Fl corresponds to a decomposition {1, ... ,71} = 
Ki U . . . U Ki U Ki + i into disjoint subsets K\, . . . , K h K [+ i with \K C \ — m c for c = 1, . . . , I, 
and = n — k. The restriction map H^(F1) — > Hj(f) = C[z] to the fixed point 

corresponding to this decomposition is 

\p(t, i, z, h)\ i-> p(z Kl , . . . , z Kl ,z Kl+1 ,z, h). 

We will also need a formula for the push- forward map 7T*. 



Proposition 4.1. Let \p] 6 Hj(F\), where p e C[ii, 
Then 



1 tn- 



k, 



(see 



(17) 



7T* (\p\) 



Sym 



V 



Sk/Sn 



Ylc>d Ylt a el c Ylu&lA^a h 



The expression on the right-hand side is formally a sum of fractions. However, in the sum the 
denominators cancel: the sum is a polynomial. 

Proof. We sketch a proof of this formula well known in localization theory. Let // be the fixed 
point on Gr corresponding to the subset I = {ix, . . . , i^} C {1, . . . , n}. We have 



(18) n*(\p])\fi = Wir-iCft)), 



») = (^U-h/i)), 



E 



J/*([p] 



J^-Hfi)r\T Fl 



Here j/ is the inclusion {/} C 7r _1 (//). In the last equality we used the formula |AB1 p. 9.] which 
describes how one can recover an equivariant cohomology class from its restrictions to the fixed 
points. Using the fact that (ttItt-i^) jf)* '■ Z>[z, h] — > Z*[z, h] is the identity map, we obtain that 
ffTgj) is equal to 



Sym 



Sk/Sn 



P 



Hod Ht a eic Ht b ei d ^ a h 
The restriction of the right-hand-side of (ti 



proposition. 



to // is clearly the same formula. This proves the 

□ 



4.4. Equivariant fundamental class of the conormal bundle on Fl. The variety CSj is 
invariant under the T action on T*F1. Hence it has an equivariant fundamental cohomology 
class, an element [CSi] G H% di ™ Fl (T*F\) = ^ dimF1 (Fl). Our goal in this section is to express the 
geometrically defined class [CSV] in terms of the Chern roots z u , h, and t a . 

Let 7 be the bundle over Fl whose fiber over (L 1; . . . , Lj) is L\. Consider the T action on the 
bundle 7* <8> 7 where the (C*) n action is induced by the action on Fl, and the extra C* acts by 
multiplication in the fiber direction. The Euler class of this bundle will be denoted by et(Y 8)7). 
We have 



a=l 6=1 
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Theorem 4.2. For I C {1, . . . ,n}, \I\ = k we use the notations of Section [Ql Let 

Sgn(J) = (_l) codimS i = (_l^ k (n--k)-i(I) _ ^_^Eti(n-»a)-Ei< c <d< I ™c™<i i 

Consider the cohomology class 

(\ k / i& n \ 

n n n )• n ( - ^ + ^ n (*« - *«) ) e ^( pi )- 

T/ien 

(20) sgn(J) • e h (7* ® 7) • [CSj] = Nj G f^(Fl). 

Note that expressions ([7]) and f|T9l) coincide. However, in Lemma |31j] AV is a polynomial, while 
in Theorem 14 .2] Nj is a cohomology class (that is, an element of the quotient ring (|15p ). 

Note also, that the element ^(7* (8> 7) is not a zero-divisor in the ring if-jf(Fl) (because none 
of its fixed point restrictions vanish), hence equation ( 120]) uniquely determines [CSV]. 



Proof. We will show that the restrictions of the two sides of ([20]) to the torus fixed points on Fl 
agree. 

Let us pick a torus fixed point / G Fl. It corresponds to a decomposition 

{l,...,n} = K 1 U...UK l UK l+1 

into disjoint subsets with \K C \ = m c for c = 1, . . . , I and = n — k. First listing the elements 

of Ki (in any order), then the elements of K 2 (in any order), etc, lastly the elements of Ki (in 
any order), we obtain a list of numbers ji, . . . ,jk- Restricting [p(t 1 , . . . , t fc , z, h)] G i^J(Gr) to the 
fixed point / amounts to substituting t a = Zj a into p. 

Observe that Nj\ ta=Zja is unless j a < z'a for all a. If j a < i& for all a then 

nn \[(^- z h-h))-i[[x[{z ja -z u +h) n 

c>d i a £l c i b £l d / o=l \m=1 M=i a +1 



.i)E C<d ^ d ( n n n (** - ^. + *) ) • n ( n^. n 1 

\Odi a &Icib&Id / a =l \u=l M=j a +1 



k k \ k 



(-i)E c <^«(rjj| (z ._,. +/i) JJ 

^a=l fe=l / a=l 



n - 2 « + ^) n 



. U6{l,...,i a } U=i & + 1 . 



Now we turn to the study of [CSV]|/- 

The point / is not contained in Si unless j a < %~ a for all a = 1, . . . , k, hence in this case 
[CSV]/ = 0. Let us now assume j a < i & for all a = 1, . . . , k. The weights of the action of T on the 
tangent plane TfFl are 

z u -z ja for a = 1,..., k, u G {1, . . . , n} - {j u . . . ,j & }. 
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Among these weights the ones that correspond to eigenvectors in the tangent space to Sj are 

z u -z ja for a = l,...,k, u G {1, . . . , i & } - . . . ,j & }. 

Hence the weights of the normal space to Sj at / are z u — Zj a for u > i a . The weights of the 
normal space to CS\f C T*F1 \f are hence Zj a — z u + h for u G {1, . . . , i a } — {ji, ■ ■ ■ ,j a }- 
Therefore we have 



[c»i]i/=fi 



a=l 



. ue{l,...,ia} U=i a + 1 

\ -{h,-,h} I 



Since the restriction of thin* ® l) ^° ^ ne fixed point / is ria=i n^il^ja — z j b + we P rove d 
that the two sides of (1201) are equal restricted to the fixed point /. □ 

4.5. Equivariant fundamental class of the conormal bundle on Gr. 

Definition 4.3. We define the equivariant fundamental cohomology class of the conormal bundle 
of Si C Gr to be ir*([CSi]), and we will denote this class by kj. 

Let 7 be the bundle over Gr whose fiber over W C C n is W . Consider the T action on the 
bundle 7* <8> 7 where the (C*) n action is induced by the action on Gr, and the extra C* acts by 
multiplication in the fiber direction. The Euler class of this bundle will be denoted by e/^7* 07). 
We have 

k k 

e h (i* ® 7) = JI Tl( ta -h + h). 

a=l 6=1 

Recall the definition of the Ij-function from Section 13.31 Interpret the variables t, z, and h of 
this function according to the definitions of the present section, that is, as equivariant cohomology 
classes in Gr. Then Y I G #|(Gr). Recall that sgn(J) = (_i)codwaft 

Theorem 4.4. We have 

sgn(J) • e h {-f* (8) 7) • «j = Yi G i^(Gr). 

Note that ^(7* ® 7) is not a zero-divisor (because none of its fixed point restrictions vanish), 
hence the equation in Theorem 14.41 uniquely determines kj. 

Proof. Let us apply to (|20|) . The left hand side will map to sgn(J)e/ l (7* <8> j)ki, because the 
bundle 7 over Fl is the pullback of the bundle 7 over Gr. 

Recall the definition of Mj from (jHJ). As a cohomology class in H^(Fl), Mi is zero, because it 
restricts to at every T fixed points of Fl. Hence, 7r* applied to the right hand side of ( 1201) is 



n.(N I )=ir*(N I + M J )=Y I . 
The last equality holds because of the comparison of (jSJ) and ( Tf7l) . □ 
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Let p : T*Gr — > Gr be the projection of the bundle. Let Sing Sj C Si be the subvariety of 
singular points of Si and S^ 111 = Si — Sing Si the smooth part. Define the conormal bundle of 
the smooth part to be 

(21) CS* m = {aeT*Gr:xe S» m , a(T x Si) = 0} C ^(Gr - Sing Si). 

Denote [CSj m ] G if|(p _1 (Gr — Sing Si)) the equivariant fundamental cohomology class of CS} m . 
Consider the embedding j : p _1 (Gr — Sing Si) c — >■ T*Gr . 

Theorem 4.5. We have = [GSf°] G H* (p- 1 (Gv -Sing Si)). 

Proof. To prove Theorem 14. 51 first we recall two lemmas from Schubert calculus that are probably 
known to the specialists, but we sketch their proofs because we did not find exact references. 

Lemma 4.6. Let fj be a smooth T fixed point on Sj. Then there is exactly one T fixed point in 

•v-- '(./:/). 

Proof. Recall the notation of the blocks in /, and assume J = {j\ < ... < jk}. Assume that 
fj G Si, hence j a < i a for all a = 1, . . . , k. The description of the components of the singular 
locus of Si in [Ml Thm. 3.4.4] can be rephrased to our language as follows: The T fixed point fj 
is a singular point on Si if and only if j v ( c )+i < i v (c) f° r some c. If this does not happen for any 
c then 

\{a : j a < v(c)}\ = v(c) 

for all c = 1, . . . , I. In this case there is only one choice for a fixed point in Si fl 7r _1 (/j), namely 
span{ ejl , . . . , e Ml) } C sp&n{e n , e jv{2) } C . . . C span{e il; . . . , e jv{l) }. 

□ 

Lemma 4.7. The localization map 

H;(Gt- Sing Si) -> 0Bf(/), a ^ (a\ f ) , 

/ 

where © runs for the T fixed points f in Gr — Sing Si, is injective. 

Proof. The injectivity of the localization map is usually phrased for compact manifolds (see for 
example the original |ABj ). However, here we sketch an argument for Gr — Sing 5/. Starting 
with the open Schubert cell, we add the cells of Gr — Sing Si one by one, in order of codimension. 
At each step we can use a Mayer- Vietoris argument to show that if the localization map was 
injective before adding the cell, then it is injective after adding the cell. A strictly analogous 
argument is shown in the proof of |FRll Lemma 5.3]. The only condition for such a step-by-step 
Mayer- Vietoris argument to work is that the equivariant Euler-class of the normal bundle of 
each cell is not a zero-divisor. This calculation is done for Grassmannians, for example, in |FR2| 
Sect. 5]. □ 
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Now we can prove Theorem 14.51 Let fj be a smooth T fixed point of Si, and fj G Fl the 
unique T fixed point in Si fl it~ x {fj)- An analysis of the T representations on T^Gr and Fl, 
similar to the one in the proof of Theorem I4.2[ gives 

(22) [csi}\ fj = [csru • n n n (*. - 

c>d i a £lc ib&Id 

Therefore we have 

ni\ fj = ^ {[csi]\ fj ) = [csr}\ fJ . 

If / is a T fixed point in Gr — Sj then obviously both ki\j and [C5) m ]|/ are 0. Thus we found 
that the localization map of Lemma H~TI maps j*{ni) — [CSj m ] to 0. This proves the theorem. □ 

5. SCHUR POLYNOMIALS 

Definition 5.1. For I = {ii < i 2 < . . . < ik} C {1, . . . , n} we define the double Schur polynomial 
by 

A 7 (ti,-.., 4,^1,..., ^) = (-l) codim5/ det ( f[ {t p -z u ) 

\u=i a + l 

Remark 5.2. This definition of double Schur polynomials is the so-called bialternant definition. 
Other definitions include a (generalized) Jacobi-Trudi determinant, an interpolation definition, 
and the fact that double Schur polynomials are special cases of double Schubert polynomials that 
are described recursively using divided difference operators. For references see |M1] . [M21 Ex.20, 
Section 1.3, p.54], [H Lecture 8], or [FR2] . 

In Schubert calculus it is well know that equivariant classes of Schubert varieties in Grassman- 
nians are represented by double Schur polynomials. 

Theorem 5.3. (See [Fj Lecture 8] and references therein.) The (C*) n -equivariant fundamental 
class [Si] of Si in iJf c *w(Gr) is represented by the double Schur polynomial A i(t, z) . 

What connects this fact with the objects of the present paper is the following observation. 

Proposition 5.4. Recall that £(I) = X^a=i(^ — a ) ^ s ^ e dimension of Si. Consider the weight 
function Wi as a polynomial in h. We have 

Wi = sgn(/)A/(t, z) ■ h k2+e ^ + lower degree terms. 

Proof. The statement follows from the explicit formulae for Wi and A/. □ 

Corollary 5.5. We have 

Yj = sgn(7) A/(t, z) h k ' 2+l ^ +lower degree terms. 
ki = [Si] h 1 ^ + lower degree terms. 



n fl=1 h 



1 

rii<o<6<fc(^o _ ^) 
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Proof. The first statement follows from the fact Yj = Wi+ sums of VFj-functions with J < I. The 
/i-degrees of these Wj functions are strictly less than the /i-degree of Wj. The second statement 
is the consequence of Theorems 14.41 and 15.31 Note that the second statement could also be proved 
geometrically. □ 

6. Modified equivariant class of the conormal bundle 

Recall that 

Y I = W I + J2 c u w J> 

J<i 

where cjj are some positive integer coefficients. In other words, the transition matrix from the 
Wi functions to the Yj functions is triangular (with l's in the diagonal). Hence the the same is 
true for its inverse: 

W I = Y I + J2c' IJ Yj, 

j<i 

where c' u are some integer coefficients. Comparing this expression with Theorem 14.41 we obtain 
that in Hj(Gr) we have 

Wj = sgn(/)e /l (7* <g> 7)/^ + ^ c 'u s g n (^K(7* ® 

j<i 



sgn(/H( 7 * ® 7) Li + C ^^^ KJ ) 



Definition 6.1. We define the modified equivariant fundamental class of the conormal bundle 
of the Schubert variety Si to be 



, sgn(J) 



Notice that J < / if and only if Sj is a proper subvariety of Si (hence, in particular, dim Sj < 
dim Si). Therefore the difference of k'j and Ki is a linear combination of fundamental classes of 
conormal bundles of proper subvarieties of Si. 

Example 6.2. For k = 1 we have Y^y = X^<j ^{j}- Hence for % > 1 

W {i} = Y {1} - Y {1 _ 1} 

= (-l^enij* ® 7 ) K{i} - (-l)™-(- 1 ) e ,( 7 * ® 7 ) K{i _ 1} 

= (-l) n - i e /l ( 7 * <g> 7 )(K {i} + k {< _i}). 

Therefore n'^y = K { iy + Ky-x} = [CS{iy] + [CS^y]. 

For example, for k = 1, n = 2, let p : T*Gr — > Gr be the projection of the bundle as before, 
and /{1} the T fixed point with homogeneous coordinate (1 : 0) on Gr = GriC 2 = P 1 . Then 

K{1} = ^{1} = lP~\f{l})} = *2 ~ h, 

K '{2} = K {2} + = [Gr] + \p~ l (/{i})] = (2ti - zi - z 2 + h) + (z 2 - h) =t 1 -z 1 +h. 
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For k = 2, n = 4 calculation shows 

K {1,2} = K {1,2}7 ^{1,3} = K {1,3} + K {1,2}, ^{1,4} = K{1,4} + ^{1,3}, «{ 2 ,3} = K {2,3} + ^{1,3}, 



K 



{2,4} = K {2,4} + K {2,3} + «{1,4} + ^{1,3} + K {l,2}j K {3,4} = K {3,4} + K {2,4} + «{1,2}- 



Let us compare the modified fundamental class with the earlier, non-modified Ki classes. We 
have 



(23) 



sgn(J) e h (-y* ® 7) ki = Yi, 
sgn(J) e h (Y ® 7) ^ = IV/. 



Recall from Theorem H3] that = [CSf m ] G ^(jr^Gr - Sing 5/)). The class does not 

satisfy this property over the whole Gr — Sing Sj, but only over the Schubert cell Sj which is a 
dense open subset of Si. 

Theorem 6.3. Let p : T* Gr — > Gr be the projection of the bundle. Consider the Schubert cell 

Sj = {W k C C n : dim{W k n C ia ) = a for a = 1, . . . , k} C Gr, 
and its conormal bundle CSj C p _1 (Gr — Uj</ Sj). Let % denote the embedding 

i-.p-^Gr-Uj^ Sj)^T*Gr. 

Then 

i V,) = [CS°\ e ^*(P -1 (Gr - U J</ Sj)). 

Proof. The difference — is supported on p~ 1 (Uj</5'j). Therefore = i*(«r), so it is 

enough to show that = [CSj]. This follows from the diagram 



p _1 (Gr- Uj</ 5j)c ^p -1 (Gr - Sing 5/) c —^- T* Gr 



[C£f m ]. 



□ 



Some advantages of over /t/ are discussed in Sections [7] and [HJ 
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7. Orthogonality 

7.1. Orthogonality on Gr. Recall that ei, . . . , e n is the standard basis of C n , and we used the 
standard flag to define the Schubert variety 

= {W k C C n : dim(iy fe n span( ei , . . . , e ia )) > a for a = 1, . . . , k} C Gr . 

Considering the opposite flag, we may define the opposite Schubert variety 

& = {Ly fc C C n : dim(iy fc n span(e n+ i_ ia , . . . , e n )) > a for a = 1, . . . , k} C Gr . 

Consider the bilinear form on Hj(Gr) defined by 

(f,g) >-> (/,</) = / 

JGr 

where the equivariant integral on Gr can be expressed via localization by 

a{zi) 



/ a(fi,...,*k) = 2^ff 



( ) 



Here the sum runs for fc-element subsets I of {l,...,n}. Note that the denominator is the 
equivariant Euler class of the tangent space to Gr at the fixed point corresponding to /. 

Definition 7.1. For I — {ii < . . . < i&} define I = {(n + 1) — i^, (n+ 1) — ife_i, . . . , (n+ 1) — 

It is well know in Schubert calculus that 

([S I ],[Sj]) = 6 I ,j. 

7.2. Orthogonality on T*Gr. Our goal is to describe similar orthogonality relations involving 
equivariant classes of conormal bundles. 

Consider the bilinear form on Hj(T*Gr) = Hj(Gt) defined by 



J T*Gr 



fg, 



where the equivariant integral on T*Gr is defined via localization by 



J T*Gr r 



7^ T[uei,v0\ z v z u)(z u z v + h) 

Here again, the sum runs for fc-element subsets I of {1, . . . , n}. Note that the denominator is the 
equivariant Euler class of the tangent space to T*Gr at the fixed point corresponding to /. This 
bilinear form takes values in the ring of rational functions in zi, . . . , z n and h. For more details, 
see [GRTVl Sect. 5.2]. 

In Section HJ starting with the Schubert variety Si we defined the equivariant fundamental 
classes Ki and k' t . Similarly, starting with the opposite Schubert variety Si, we may define the 
opposite equivariant fundamental classes hi and k'j. Arguments analogous to the ones in the 
sections above prove the following theorem. 
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Theorem 7.2. We have 

(24) sgu(J)e ft (7* ® 7 )/cJ = W T , 

where 

(k Ha — 1 n k , 

n n^-^) n n 

a=l \«=1 u=i a +l b=a+l " 

is the "dual" weight function. 

The following lemma is a special case of Theorem C.9 of |TV1] . 

Lemma 7.3. For A = {cti, . . . , a^} C {1, . . . , n) let p(za) denote the substitution of z ai , . . . , z ak 
into the variables ti, . . . , ty. of the polynomial p. For k-element subsets I, J of {1, ... ,n} we have 

j2 W I (z A )W J (z A ) = 5 ^ 

A YlueA,v€A( Z u ~ z v){z u — z v + h) ■ Y\. u ,veA( z u — z v + h) 2 
where the summation runs for all k-element subsets A of {1, ... ,n}. 

Now we are ready to prove the orthogonality relations for fundamental classes of conormal 
bundles. 



Theorem 7.4. We have 



< k'j, k'j >= S IfJ . 



"j 

Proof. Tracing back the definitions, as well as formulas (J2HJ) and (124"j) . give 

// / / n /ftr Wi(za)Wj(za) 

< Kj, Kj >= sgn(J) sgn(J) y — — 

a HueA,vtA( z v - z u){z u -z v + h)- (e h (-y* ® nf)(z A )) 
According to Lemma 17.31 this further equals 

sgn(I)sgn(J)(-l) k ^6 IJ = 6 I ,j. 



8. R-MATRIX IN COHOMOLOGY 

Recall that 1Z = C[zi, . . . , z n , h]((zi — Zj + /i) -1 )^-. 
Proposition 8.1. The following are bases of the free module H^(Gt) <g> 1Z: 



□ 



(1) the classes [Si] for I C {1, . 


. . ,n} 




= fc 


(2) the classes Wj for I C {1, . 


. . ,n} ; 


|/| = 


= fc; 


^ i/ie c/asses Y} for I C {1, . . 


.,n} ; 






£/ie classes Kj for I C {1, . . 






A:; 


f5j £/ie classes k'j for I C {1, . . 


.,n} ; 




fc. 
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Proof. The Leray-Hirsch Theorem (e.g. |BT[ Thm. 5.11]) implies that the C[z\, . . . , z n , /i]-module 
Hj(Gt) is free, with basis [Si]. This implies ([TJ. Statement (J5J) can be proved from Theorem 17.41 
and some extra analysis of the denominators, or from the fact that the transition matrix from 
[Si] to k'j is upper triangular with diagonal entries 

Y[ (Za-Z b + h). 
ael,b0,b<a 

Details will be given elsewhere. The equivalence of (jSJ) and (j2J) follows from equivariant localiza- 
tion and the fact ±e^(7* ®7)ftj = Wi. The transition matrix between (|2J) and Q, as well as the 
transition matrix between (pE|) and (jSJ) are upper triangular with l's in the diagonal. □ 

Recall that Si was defined using the standard flag 

span(ei) C span(ei, e 2 ) C . . . C span(ei, . . . , e n ). 

Let a e S n be a permutation. We may, redefine our geometric objects Si, Si, [CSV], «j, using 
the complete flag 

span(e CT (i } ) C span(e - (1 ), e^)) C . . . C span(e (T( i ) , . . . , e CT(n) ). 
We call the resulting objects Sf, Sf, [CSf], kJ, 
Proposition 8.2. VKe /iai>e 



K 



K 



1 1 z u y- >z a ( u j • 



Proof. The statement follows from equivariant localization (see Section fl~3l) . 



□ 



Comparing this result with Section I3T21 we obtain the following remarkable fact. Let a be an 
elementary transposition in S n . Then the geometrically defined action sgn(/)/t' / i— > sgn(/)Kj CT on 
Hj(Gy) ® 1Z can be expressed by an R-matrix. 

Example 8.3. Let n — 2, k — 1, and let a be the transposition in S 2 . Then we have 

/ h z 2 — Z\ \ 



z 2 - zi + h z 2 - z\ + h 
zi — z\ h 



K 



"{1} 
{2} 



— K 



K 



{1} 
' c 

{2} 



\z 2 — z 1 +h z 2 -zi + hj 
which can be directly verified by substituting 



sgn({l}) 
sgn({2}) 



-1, 
+1, 



"{!} 
°{2} 



^{i} = z 2 - h, 

^{2} + ^{1} = (2ti 



Zl — z 2 + h) + (z 2 - ti) —tl — Zl+h. 
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